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Let y1 , yz ,..., y1 be distinct prime Gaussian integers. With k an odd positive 
rational integer, take wl, w2 ,..., wt to be k-th roots of unity, not necessarily 
distinct nor primitive. We show there exist intinitely many prime Gaussian 
integers n having a k-th-power character x such that ~(7~) = wi , 1 Q i G t. 
In 1963 W. H. Mills [I] gave conditions under which there exist primes 
having k-th power characters with certain preassigned values. It is our 
objective in this paper to extend Mills’ result, for odd powers only, to 
the Gaussian integers. We shall argue in much the same manner as Mills 
did, but with necessarily different approaches in key places. Our main 
result will be 
THEOREM 1. Let k be odd. Taking y1 , y2 ,..., yt to be distinct prime 
Gaussian integers and p1 , pz ,..., pt to be k-th roots of unity, then there 
exist an infinite number of Gaussian prime numbers rr for which there is 
a k-th-power character x satisfying x(yJ = pi , 1 < i < t. 
This theorem, like the one for the rational case, relies entirely on the 
Tschebotareff density theorem (see, e.g. [2]). We shall state a special 
case of this theorem, but first we need some notation. We denote the 
quotient field of the Gaussian integers by R. Letting k be odd throughout, 
we take p to be a primitive k-th root of unity. Let F = R(p). Taking 
% 3 (11~ ,..., LYE to be nonzero elements of F, & will denote a root of Xk - 01~ ,
1 < i ,( t, and E = F(/3, , j& ,..., /3,). Clearly E is a Galois extension of F, 
so we let G be the Galois group of E over F. Also, we take pl, pz ,..., pt 
to be k-th roots of unity, not necessarily primitive. With this notation 
we have the following result by Tschebotareff: 
* This paper is a portion of the author’s Ph.D. Thesis done at Washington State 
University, Pullman, Washington. 
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THEOREM 2. If there is a u in G such that 
then there exist an injinite number oj’prime ideals p of the first degree in F 
such that 
where (a/p) is the k-th power residue symbol. 
We wish to use a more convenient form of condition (1). To do this 
we use the following lemma, also employed by Mills. 
kMMA. Under the conditions of Theorem 2 and letting 
the following statements are equivalent: 
(a) There exists a (T in G such that U(pi) = piai , 1 < i < t. 
(b) Vml , m2 I...9 mt are rational integers such that 
n LX;’ E F”, then npri = 1. 
Of course, ifa1 , a2 ,..., at are in R, then statement (b) is equivalent to 
(4 Vml, m2 ,..., m, are nonnegative rational integers such that 
n L(- E R n FL, then npyi = 1. 
The k-th-power characters modulo a Gaussian prime n are homo- 
morphisms of the multiplicative group of Gaussian integers modulo 7 
onto the group of k-th roots of unity. This means that the norm of n is of 
the form kN + 1. Further, these characters are the mappings given by 
x(y) = (y/p) where y is a Gaussian integer and p is a prime ideal in F 
which divides r. Since every prime ideal of the first degree (over R) in F 
is either ramified or divides a prime T whose norm is of the form kN + 1, 
we get from Theorem 2 and the above remarks: 
THEOREM 3. Let 01~ , 01~ ,..., OI~ be nonzero members of R and let 
p1 , p2 ,..., pt be k-th roots of unity. Then if condition (c) holds, there exist 
injnitely many primes 7~, each having a k-th-power character x such that 
X(CXJ = pi , 1 < i < t. 
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Up to this point we have been following Mills’ development very closely. 
It is here that it becomes necessary to depart from his argument. Although 
the result to be proved is essentially the same, Mills’ method of proof 
clearly does not extend to our case. 
We intend to show that R n F” = Rk where Rk = {yk : y E R, y f 01. 
This will be the final step in the proof of Theorem 1. For if q , o(~ ,..., at, 
in Theorem 3 are taken to be Gaussian primes and if R n FX‘ = Rk 
then condition (c) certainly holds, and we have the result. The following 
lemma will allow us to use proof by induction to show R n Fk = Rk. 
LEMMA. Let k be an odd positive rational integer. Let K be a field of 
characteristic zero containing no nontrivial k-th roots of unity, and let p be 
a primitive k-th root of unity. Suppose n divides k. Then if /3 E K(p) and 
/3” E K, we must have p E K(p”l”). 
Proof. Consider the extension K(b). Since K(p) C K(p), this extension 
is Abelian. Thus, all of the conjugates of /I will be in K@). And since 
n-1 
Xn - pn = fl (X - /3ci) in K(p)[X], 
i=O 
where c is taken to be a primitive n-th root of unity, we have that the 
conjugates of /3 over K will be of the form 
B = PC, 9 B-1 9 t% 9*-*5 Bi-m-1 with m = [K(#l) : K] 
and & an n-th root of unity, 0 < i < m - 1. 
Thus, K(S, , l2 ,..., &+J C K(p). Also, K(& ,..., &+J = K(W) where w  
is some n-th root of unity. 
Suppose K(W) # K(p). Then taking H to be the Galois group of K(p) 
over K, there exists cr E H such that (T is not the identity, but cr holds K(w) 
fixed. Let T E Hand suppose 7(/I) = /?J& and o(p) = /3& with i, j such that 
1 <i<m-l,O<j<m-l.ThensinceHisAbelian, 
or 
That is, & = T(&). But 7 was an arbitrary member of H. Hence, & E K. 
This is a contradiction since K contains no nontrivial k-th roots of unity. 
Thus, K(p) = K(w) C K(pk’“) since p k~n is a primitive n-th root of unity. 
Q.E.D. 
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The next lemma shows R n Fh = RA’ and will complete the proof of 
Theorem 1. 
LEMMA. Let K, p, k be as in the preceding lemma. Then if’ ,8 E K(p) 
and /3”’ E K, there exists a root of Xh - p” in K. 
Proof. In K(p)[X], 
16-l 
XQ - p” = n (X - Pp”) 
i=u 
(3) 
And because [K(p) : K] < [K(p) : K] < $(k) < k, we have in K[X] 
XL - p” = h&(X) 
j=l 
where I 3 2 and the f;,‘s are irreducible in K[X]. Since the f,‘s will be 
made up of factors in (3), eachf; will have a constant term of the form 
/lr’pS’ E K. 
Suppose 
(rl , k) = n < k, (4) 
where ‘,( , )” denotes greatest common divisor. Then there exist rational 
integers h and TV such that Xr, + pk = n. And so 
(pp”‘)“(p”)” = /yp”, where m = As, . 
That is, /3ybp,‘tL E K. So if n = 1, we are done. In particular, the result is 
established if k is a prime number, for then n = 1. 
To get the result for all odd k we use induction. Assume the result 
holds for all divisors n’ of k with n’ < k. Suppose, too, that n > 1 in (4) 
and, say, an = k. Then @“pm)” = Pkpam E K. But since K contains 
no nontrivial k-th roots of unity, we must have pam = 1. That is, am s 0 
(mod k). This gives m = 0 (mod n). Hence, p”p” = (/3pc)“, where cn = ~12. 
But now by the preceding lemma fipc E K(p”l”). The induction assumption 
now gives us that there exists a root of Xn - (/3~~)~ in K. Such a root 
will also be a root of Xk - pk. Thus, by induction, the lemma is established. 
Q.E.D. 
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